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Abstract—This study experimentally and numerically investigated the tensile damage progress in
stitched laminates. In particular, it focused on the effects of stitching on the damage progress. First,
we experimentally confirmed that ply cracks and delamination appeared under load regardless of
stitching. We then performed damage-extension simulation for stitched laminates using a layer-wise
finite element model with stitch threads as beam elements, in which the damage (ply cracks and
delamination) was represented by cohesive elements. A detailed comparison between observation and
the simulated results confirmed that stitching had little effect on the onset and accumulation of ply
cracks. Furthermore, we demonstrated that the stitch threads significantly suppressed the extension of
the delamination.

Keywords: Stitched laminate composite; damage; tensile test; finite element analysis; damage
extension simulation; transverse crack; delamination.

1. INTRODUCTION

Fiber reinforced plastic (FRP) laminates have been used as the structural compo-
nents in aerospace structures because FRP laminates have good mechanical proper-
ties such as high specific stiffness and strength. However, because of the low inter-
laminar fracture toughness of the FRP, out-of-plane impacts easily generate delam-
ination, and the delamination greatly reduces the compressive strength. A stitched
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laminate, in which the stitch threads (carbon tows, aramid tows, etc.) are directed
along the through-thickness direction, is thought to be a promising solution for this
problem.

Numerous studies have been conducted on the interlaminar fracture toughness
tests (DCB, ENEF, etc.) of stitched laminates, and the numerical simulations of the
tests [1-5]. The results revealed that the stitch threads bridged the delaminated sub-
laminates, and thus the interlaminar fracture toughness was significantly increased.
In addition, the stitching increased the post-impact compressive strength of the lam-
inates [6]. However, the studies on the in-plane properties of the stitched laminates
revealed that stitching shortened the fatigue life [7, 8] and slightly decreased the
tensile stiffness and strength [6, 7, 9].

Moreover, Warrior et al. [10] found that the stiffness of the stitched laminates
gradually decreased when tensile load increased. They suggested that this was due
to the damage that occurred in the laminates. However, most of the previously
performed studies on the stitched laminates focused only on the macroscopic
mechanical properties. Thus, the onset and progress of damage have not been
discussed sufficiently. In conventional (unstitched) laminates, internal damage such
as ply crack and delamination occurs under tensile loading, and the cracks and
delaminations affect each other and extend until final failure [11, 12]. The damage
evolution has effects on the macroscopic stiffness and strength. Thus, for stitched
laminates, an understanding of the damage progress is necessary to confirm the
design and the reliability of the structure.

The present study investigates the tensile damage progress in stitched CFRP
laminates both experimentally and numerically. This paper is organized as follows.
In Section 2, a tension test is described and the experimentally observed damage
progress is reported. In Section 3, we describe the numerical method that can
stably simulate the crack extension in the linear elastic body [13]. This method is
based on finite element analysis with cohesive elements. In Section 4, the simulated
crack extension is compared with the theoretical solution to validate the numerical
method. Finally, we perform the numerical simulation and discuss the effect of the
stitching on the damage progress in Section 5.

2. EXPERIMENT
2.1. Experimental procedure

In this research, carbon-fiber stitched CFRP laminates (Toyota Industries Corp.)
[14] were used. Carbon-fiber tows (T800-12kf, Toray Industries Inc.) were used
as the inplane tows. The stacking configuration was [—45/45/03/904];. Carbon-
fiber tows (TR-40-2kf, Mitsubishi Rayon Co. Ltd.) were used as the stitch threads.
Figure 1 illustrates the stitching pattern. Stitch threads ran along the 0° direction of
the in-plane tows. For the matrix, bismaleimide resin (Cycom5250-4RTM, Cytec
Engineered Inc.) was employed. The material was impregnated and molded by the
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Figure 1. Cross-section of the laminate along a stitch thread.
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Figure 2. Dimensions of the specimen. Stitch pitch and stitch space were both 3.0 mm.

Resin Transfer Molding (RTM) method. For comparison, unstitched laminates were
also prepared. The fabrication procedure of the unstitched laminates was the same
as that of the stitched laminates without the stitching process. All material was cut
to rectangular specimens. The dimensions of the specimens are illustrated in Fig. 2.
The stitch space was 3.0 mm, and the stitch pitch was 3.0 mm. Tapered GFRP tabs
were glued to the both ends of the specimens. The distance from one tab to the other
(gauge length) was 80 mm.

First, the monotonic tensile tests were conducted for seven stitched and five
unstitched specimens at room temperature. In the tests, the load was applied
monotonically until specimen failure, and then tensile stiffness and strength were
measured. The tensile load—unload tests were also conducted for three stitched and
three unstitched specimens to observe the damage progress. For both tests, a tensile
test machine (Instron 5582, Instron Corp.) was employed. The crosshead speed was
0.1 mm/min and the applied load was measured by built-in load cell. In the stitched
laminate, the surface of the specimen was not strained uniformly because the stitch
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threads disturbed the strain field. Therefore, we attached four strain gauges and an
extensometer (gauge length 50 mm) to the specimen. We regarded the average of
these five values as an applied strain, .

In the load—unload tests, the specimen was unloaded in strain increments of
0.05%, and the damage was observed from the polished edge of the specimen using
a digital microscope. In addition, the specimens were ultrasonically C-scanned
by using the scanning acoustic microscope (UH-3, Olympus Corporation) in 0.2%
strain increments to observe the delamination progress.

2.2. Experimental results

Figure 3(a) depicts the results of the monotonic tensile tests. The average tensile
stiffness and average strength of the stitched specimens were lower than those of
unstitched ones, but the dispersion was larger. Because of the stacking configuration
used in this study, the 0° fibers bore most of the load applied to the specimen. The
volume fraction of the 0° fibers (Vjy) of the stitched (unstitched) specimen was 0.142
£ 0.020 (0.165 £ 0.001). This difference was not negligible. Therefore, we defined
the bundle stress & to remove the effect of Vg. Bundle stress is the hypothetical
stress calculated under the assumption that the load is borne by the 0° fibers only.
The bundle stress is calculated as

=< (1)

Vio’

where o is the stress applied to the specimen. Figure 3(b) indicates the bundle
stiffness and bundle strength. When the effect of the Vi was removed, it became
clear that the stitching did not have any effect on the initial stiffness, but reduced the
strength. Note that the reduction of the tensile strength was greater than that of the
stiffness in the results from the literature, and our results followed the same trend.

Figure 4 presents the damage observed from the polished edge. In both stitched
and unstitched specimens, multiple cracks occurred in the 90° ply at about 0.4%
strain, and delamination occurred at the 0°/90° interface at 0.6% strain. Crack
opening displacements (COD) of delaminations grew quite large in the unstitched
specimens. However, the COD of the delaminations were relatively small in the
stitched specimens.

Figure 5 plots the crack densities in the 90° plies as functions of the applied
strain. The crack density was defined as the number of observed cracks divided
by the gauge length. Crack density began to increase sharply at 0.5% strain, and
after reaching 0.7% strain, the density continued to increase modestly. Note that
the values of the crack densities were not equal to zero at the beginning of the tests
because thermal cracks occurred during molding.

Delaminations observed using an ultrasonic C-scan are presented in Fig. 6. In both
stitched and unstitched specimens, delamination occurred at 0.6 % strain at the free
edges of the specimen. The delaminations extended in the width direction toward
the center of the specimens. In the unstitched specimens, delaminations extended
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Figure 3. Comparison of results in the static tensile tests between the stitched specimens (S) and the
unstitched specimens (U). (a) Stiffness and strength. (b) Bundle stiffness and bundle strength.
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Figure 4. Observed damage states. Ply cracks were observed in the 90° ply at 0.4% strain, and
delamination appeared at 0.6% strain at the 0°/90° ply interface.
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Figure 5. Measured and simulated results of ply crack density as a function of the applied strain.

rapidly with increasing strain. However, in the stitched specimens, the progress of
the delaminations stopped at the stitch thread line (0.6 to 1.0%). Following that, the
delaminations slowly extended toward the center of the specimens. Note that the
delamination occurred from one free edge in the stitched specimen (upper side of
Fig. 6(a)) because a stitch thread was located near an edge (lower side).

The results demonstrated that the stitching did not affect the onset and accumula-
tion of the ply cracks, but that it did suppress the delamination progress effectively.

3. ANALYSIS

This study adapted the numerical damage-simulation method proposed by Yashiro
et al. [13] to the stitched laminate. The method is based on finite element analysis
using cohesive elements. A cohesive element is the cohesive zone model, which is
introduced between the solid elements to eliminate the stress singularity around the
crack tip and express the creation of crack surfaces. The cohesive element generates
the cohesive traction that resists the increase of the relative displacement between
the solid elements. The virtual work principle used in this study is

fS:SEdV—l—/ T-5AdS=ff~8udS, 2)
Vv Scoh N

where S and E are the stress tensor and strain tensor of the solid elements, T and
A are the traction vector and relative displacement vector of the cohesive elements,
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Figure 6. C-scanned images of the specimens. Delamination in the stitched specimen was smaller
than that of the unstitched one.

and f and u are the external force vector and the displacement vector, respectively.
Scon means the area where cohesive elements are introduced, and S; is the area where
the external force is applied.

By using the parameter s, the relationship between the traction and relative
displacement is expressed as [15]

. (i =n.1.b) 3)
= — 0 1=n,l, )
1 —s Alc 1 max

where index n denotes the normal tensile, ¢ the in-plane shear, and b the out-of-
plane shear deformation modes (Fig. 7). A,. is the critical relative displacement.
When A; becomes equal to A;., the traction completely disappears. o;max is the
strength for each deformation mode. The parameter s in equation (3) is calculated
as

T;

s = max(O, min(Si, 1 — D)), “

D = V(M) D) + (A ] D) + (Dp/ Ape)?. (5)
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Figure 7. Schematic of a cohesive element.

The parameter s expresses the residual strength of the cohesive element. si,; is the
initial value of s, and it is set very close to 1 (in this study, sj;; = 0.999). The
cohesive element absorbs the energy equal to the critical energy release rate per unit
area. Therefore, the critical relative displacements are calculated as
Anc:ﬂv AtCZ&, Am:&, (©6)
O maxSini Ot maxSini Ob maxSini

where G;. (i = L, I, III) is the critical energy release rate for each deformation
mode. The cohesive element behaves as the penalty element when the relative
displacement is so small that the parameter s is equal to s;,;. When the relative
displacement grows larger, parameter s and the traction decrease. When s becomes
equal to zero, the cohesive element absorbs the energy equal to the critical energy
release rate, and the crack surfaces are created.

By discretizing equation (2), the virtual work principle is expressed in matrix form
as

(K +Keon)U =F, (N

where K and K.,, denote the stiffness matrices of the solid elements and the
cohesive elements, U is the nodal displacement vector, and F is the nodal force
vector. The stiffness matrix of the cohesive elements K., is calculated as

Keoh = (LN)" Deon(LN) dS, (®)
Scoh
a0 0
Don=| 0 %= 0 | ©)
0 0 o, e

where L is the matrix that expresses the relationship between the relative displace-
ment vector A and the displacements of the upper and lower surfaces of the co-
hesive element, and N is the matrix created by arranging the shape functions. In
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equation (7), the parameter s of each cohesive element changes accompanying the
nodal displacement U. Therefore, equation (7) is a nonlinear equation.

Nonlinear equations are usually analyzed by the incremental analysis (further
detail is described in the appendix). However, in equation (7), the nonlinearity
appears only in (K.y,) because the stitched laminate can be treated as the linear
elastic. Therefore, we can obtain the solution of nonlinear equation (7) by using
the direct recurrent method [16], which consists of the repetition of linear analyses.
Figure 8 illustrates the flowchart of the simulation. First, we set the initial value of
parameter s, and apply the boundary conditions. We then make the total stiffness
matrix, solve equation (7), and we update the parameter s using the solution. The

Sets = Sini

Y
|Apply boundary conditions |

<
-¢

Y

Make total stiffness matrix
(K + Kcah)

| Solve the equation (7) |

Next loading step
Sets = Smin
Update the parameter s y

(within s < spin)

Nodal displacement
field is converged

Store parameter s as Sy,

Yes

Applied load is less than
the maximum value

Figure 8. Flowchart of the damage extension simulation.
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direct recurrent method solves the equation by repeating these calculations until
the displacement converges. We calculate the value of parameter s by using the
converged displacement and we use it as the initial value of s in the next loading
step. To prevent recovery of the fracture process, we apply a requirement that
parameter s cannot have a value greater than the value in the previous loading step
(s < smin) When we update the parameter s.

4. VERIFICATION OF THE NUMERICAL METHOD

In the previous work [13], the numerical method described in the previous section
was not verified by fracture mechanics. However, the method differs greatly from
the conventional method for solving nonlinear equations because the present method
solves the nonlinear equation by repeating the linear equations. Therefore, in this
section, we confirm the validity of the method by comparing the two kinds of crack
extensions to the theoretical solutions calculated from the linear fracture mechanics
following the approach performed by Majima and Suemasu [17].

4.1. Progress of a circular crack in an isotropic infinite solid

Consider the problem illustrated in Fig. 9(a). A circular crack of radius a exists in
an isotropic infinite solid, and the uniform pressure oy is applied on part of the crack
surface (the circular region of radius ). The theoretical solution [18] demonstrates
that the energy release rate becomes smaller when the crack grows larger under
a fixed-pressure condition. Thus, in this situation, the crack grows stably in pure
mode I.

Figure 9(b) illustrates an example of the finite element models used in the
simulations. Considering axisymmetry, the model was divided by the square four-
node axisymmetric isoparametric elements. Cohesive elements were introduced at
the interface of z = 0 mm, r < 60 mm to express the crack. An initial crack of
radius 8 mm was assumed, and the pressure was applied at the area of r < 4 mm.

Young’s modulus of the isotropic elastic solid was 70 GPa, and Poisson’s ratio
was 0.3. The mode I strength of the cohesive element o), ,,,x Was fixed at 100 MPa,
and the mode I critical energy release rate was varied (G = 0.2, 1.0, 5.0 kJ/m?).
Note that pure mode I crack growth was considered in this analysis, and we assigned
enough large values to the mode II strength and critical energy release rate. We
investigated the effect of the mesh size on the crack extension by analyzing the
three models, which had three different sizes of elements (1 mm, 2 mm, and 4 mm).

Figure 10 presents the crack radius as a function of the external force applied
on the crack surface. In the numerical results, the crack radius means the radius
of the completely fractured cohesive elements (the parameter s = 0). Solid lines
denote the theoretical solutions. When the critical energy release rate was small,
the numerical results did not depend on element size, but they agreed well with
the theoretical results. As the critical energy release rate became larger, a larger
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Figure 9. Infinite isotropic material with a circular crack. (a) Schematic of the circular crack.
(b) Finite element model.
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Figure 10. Comparisons of the crack growth among various element sizes and fracture toughness.

load than in the theoretical results was needed to extend the crack to the specific
length. Generally, in the small scale yielding fracture, the size of the plastic region
at the crack tip is in proportion to the square of the stress intensity factor, namely,
the energy release rate [18]. Therefore, if the critical energy release rate is larger, the
size of the cohesive zone is larger, and larger inelastic deformation occurs. This is
why the difference between the numerical results and solution of the linear fracture
mechanics became larger for greater critical energy release rates.

The above results demonstrate that the present numerical method is able to express
the equivalent crack extension with linear fracture mechanics when mode I is
dominant.

4.2. Progress of a crack in a circular plate loaded from an out-of-plane direction

Consider the crack extension when an out-of-plane load is applied to a boundary-
clamped circular plate that has a circular crack at the center (Fig. 11(a)). The
theoretical solution [19] demonstrates that the energy release rate of the crack
extension is independent of the crack radius. The load needed to extend the crack is
decided from the critical energy release rate and the bending stiffness of the plate.
In this situation, the crack extends in pure mode II.

Figure 11(b) presents an example of the finite element models used in the
present simulations. The model was divided by the square four-node axisymmetric
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Figure 11. A circular plate with an initial crack subjected to out-of-plane loading. (a) Schematic.
(b) Finite element mesh.

isoparametric elements. Cohesive elements were introduced at the interface of
z = 0mm and r < 20 mm. An initial crack of radius 2 mm was assumed, and a
uniform displacement (—z direction) was applied at the nodes located on the upper
surface (z = 2 mm) of r < 0.5 mm. The applied load was calculated by summing
up the reaction forces of these nodes.

The plate was modeled by in-plane isotropic homogeneous material; the material
properties are denoted in Table 1, in which the strengths and critical energy release
rates of the cohesive elements are also indicated. We investigated the mesh-
size dependency by varying the sizes of the elements (0.25 mm, 0.125 mm, and
0.0625 mm).

Figure 12(a) plots both the simulated and theoretical calculated crack radii as
functions of the applied load. In the simulated results, the crack began to extend at
a lower load than the theoretical results. As the crack radius became larger, the load
that was needed to extend the crack asymptotically approached the theoretical value.
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Table 1.
Material properties used in the simulation for the crack growth in the circular plate

In-plane Young’s modulus E; = E (GPa) 56.5
Out-of-plane Young’s modulus E; (GPa) 9.15
In-plane Poisson’s ratio vy, 0.316
Out-of-plane Poisson’s ratio vy; = vy, 0.262
Out-of-plane shear modulus G, = Gy, (GPa) 4.18
Mode-I cohesive strength 0, max (MPa) 32.6
Mode-II cohesive strength o; pax (MPa) 85.0
Mode-I critical energy release rate Gy¢ (J/m2) 200
Mode-II critical energy release rate Gic (J/m2) 400

The load at which the crack began to extend did not have the mesh-size dependency.
Figure 12(b) indicates the relationship between the load and deflection, where we
used the z-direction displacement of the node located at the center of the lower
surface (r, z) = (0, —2) as the deflection. Because the theoretical result is based on
the Kirchhoff plate theory, the initial gradient differs from the actual value by about
20% [17]. Considering this, the present analysis provided a valid result regardless
of mesh size.

The above results and the results in Section 4.1 demonstrate that the numerical
method described in Section 3 can provide the equivalent crack extension with linear
fracture mechanics when either mode I or II is dominant.

5. DAMAGE EXTENSION SIMULATION OF THE STITCHED CFRP LAMINATE

Figure 13 depicts the layer-wise finite element model [13] that expressed the stitched
laminate. The stacking sequence was [—45/45/03/904]s. The laminate was divided
into four layers, and each layer expressed the ply (plies) of each fiber direction.
Each layer was divided by the four-node isoparametric Mindlin plate elements. We
assumed that the model was symmetric in the thickness direction (z direction). The
stitch threads were expressed by connecting the neighboring layers by two-node
Timoshenko beam elements (Fig. 13(b)) and the beam section was circular.

To express the ply cracks in the 90° ply, four-node cohesive elements were
introduced every 0.75 mm in the x direction as indicated in Fig. 13(c). In addition,
eight-node cohesive elements were introduced at each interface of the layers to
connect the layers and to express the delamination. Uniform tensile displacement
was applied on the end surface of the finite element model in the x direction. We
performed numerical analysis using the method described in Section 3. The damage
progress of the model with stitch threads (beam elements) was compared to that of
the model without threads.

The material properties and the properties of the cohesive elements used in this
analysis are presented in Tables 2 and 3. The values of the critical energy release
rates in Table 3 were decided by fitting the damage progress to the experimental
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Figure 13. Layer-wise finite element model of a stitched laminate with cohesive elements.

Overview of the mesh. (b) Beam elements (magnified view). (c) Cohesive elements (magnified view).



Downloaded by [Siauliu University Library] at 06:57 17 February 2013

240 A. Yoshimura et al.

Table 2.
Material properties of a stitched laminate

Laminate
Longitudinal Young’s modulus (GPa) 144.65
Transverse Young’s modulus (GPa) 9.57
In-plane shear modulus (GPa) 4.50
Out-of-plane shear modulus (GPa) 3.50
In-plane Poisson’s ratio 0.356
Out-of-plane Poisson’s ratio 0.49
Stitch thread
Young’s modulus (GPa) 148.0
In-plane shear modulus (GPa) 4.5
Diameter (mm) 1.5
Table 3.

Properties of the cohesive elements used in the damage extension simulation

Ply crack Delamination

In-plane tensile strength (Mode I, MPa) 15.0 30.0
In-plane shear strength (Mode II, MPa) 40.0 60.0
Out-of-plane shear strength (Mode III, MPa) 40.0 60.0
Critical energy release rate (Mode I, J/m?) 100.0 150.0
Critical energy release rate (Mode II, III, J/m?) 500.0 750.0

results of the stitched specimen. Figure 5 plots the crack densities as functions
of the applied strain. The ply cracks, which were longer than 70% of the model
width, were considered to be penetrated cracks. The crack densities began to
increase sharply at 0.5% strain, and after 0.8% strain, continued to increase
slowly. No difference of crack densities was observed between the stitched and
unstitched models. These numerical results agreed well with the experimental
results, confirming the experimental results that onset and accumulation of the ply
cracks were not affected by the stitching. In Fig. 5, we considered the cracks that
were longer than 70% of the model width to be penetrated, and verified that results
did not change even if we changed the threshold for penetration.

Figure 14 displays the numerical results for the delamination at the 0°/90°
interface. The points in the figure denote the cohesive elements, which fractured
completely (the residual strength parameter s = 0). In both stitched and unstitched
models, delamination occurred at the edge of the model in the width direction
at the tip of the ply crack in the 90° layer at 0.65% strain. In the stitched model,
the delamination progress stopped at the stitch thread line. As strain increased,
the delamination gradually extended toward the center of the specimen. The
delamination avoided the stitch threads. In the unstitched model, the delamination
quickly extended toward the center of the model almost simultaneously with the
onset of the delamination. The damage progress agreed well with the experimental
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Figure 14. Simulated delamination propagation at the 0°/90° ply interface.

results (Figs 4 and 6). However, the delamination shape of the unstitched model
differed from the experimental results, extending on a slant away from the length
direction of the specimen. In the experiment, the specimen was gripped at the GFRP
tab (left side of the photographs in Fig. 6). The specimen was thus constrained in
the thickness direction at this region. This difference in constraint in the thickness
direction was the reason for the difference of the delamination shapes between
experiment and the simulation.

In the unstitched model, even small load increments extended the delamination
largely because the displacement of the +45° layers in the out-of-plane direction
opened the delamination that occurred at the tip of the ply crack. However, in the
stitched model, stitch threads suppressed the displacement of the £45° layers in
the out-of-plane direction. The delamination was mainly extended by the shear
deformation between the layers at the tip of the ply crack. In addition, this shear
deformation was suppressed near the stitch thread. Therefore, delamination did not
extend beyond the stitch threads.

6. CONCLUSION

The present paper experimentally and numerically investigated the tensile damage
progress in stitched laminates.
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(1) Regardless of stitching, ply cracks and delamination were observed in the
laminate composites under tensile load. Onset and accumulation of the ply
cracks were not affected by the stitching. The delamination area of the stitched
laminate was smaller than that of the unstitched one.

(2) We demonstrated that finite element analysis with cohesive elements could
provide the equivalent crack extension to the linear fracture mechanics by using
a method that consists of the repetition of linear analysis.

(3) Onset and progress of the ply cracks and the delamination obtained from the
damage extension simulation to the stitched laminates agreed well with the
experimental results. In particular, we verified that the stitch threads suppressed
the extension of delamination.
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APPENDIX

By taking the time differential (-) of the equivalent nodal force vector Q (=F), and
considering the increment during the infinitesimal time df, we obtain the linearized
equation between the time ¢ and ¢ + df as

. _ @ . o
Qdt = (aU)Udt =Fdr, (10)
(K + Keon)U = F, (11)

where K denotes the tangential stiffness matrix of the solid elements, and underline
means the increment. The tangential stiffness matrix of the cohesive elements Ko
is calculated as

~ aT
Keon = [ (LN)" —(LN)dS. (12)
o BA
'COl
The matrix dT/JA is written as
[~ _S  Opmax
oT 1—s Ajue s (; 0
_ _S _ Otrmax — e . —
oA 0 = AL 0 (s = si; = const.), (13a)
O 0 _ S Obmax
— 202 I=s Ape 2 2
B (L _ An/Anc) Opn max _ A”Af/Alc Opn max _ Ay Ab/Abc Opn max
oOT I—s (1=5)3 ) "Ane (1-5) Apc (-5 Apc
= _ AlAn/A%c Ot max (L _ Azz/Atzc) Ot max _ A’Ah/Alzac Ot max
oA -7 A T=s — (=53 A (1=s)* A
2 2
_ AbAn/A%c Ob max _ AhAl‘/Atzc Ob max (L _ Ah/Abc) Ob max
(1-5)3  Apc (1-5)3  Apc I—s (1=5)3/ Ape

(s % const.). (13b)
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Therefore, in the incremental analysis, we have to search for the time increment
causes the transition of the condition in equation (13). For this search, a special
method (such as the R, method [20]) is needed. In addition, for stable analysis,
special consideration of the transition of the condition in the convergence calcula-
tion is required. Moreover, Crisfield et al. [21] pointed out that numerical instability
occurs because equation (13b) contains softening behavior (negative stiffness).



